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1 Introduction
In a recent paper [10], A.Haydys introduced a natural line bundle with connection on a
hyperka¨hler manifold with an S1-action of a certain type. The curvature is of type (1, 1)
with respect to all complex structures in the hyperka¨hler family and for this reason is called
hyperholomorphic. In [12] a description of this line bundle via a holomorphic bundle on the
twistor space was given and in this format calculated for a number of examples of interest
to physicists. These are mostly moduli spaces of solutions to gauge-theoretic equations.
In this article we give examples with a more geometrical flavour, in particular on minimal
resolutions of Kleinian singularities and cotangent bundles of coadjoint orbits of a compact
Lie group. We first approach the subject from the differential-geometric point of view,
giving some explicit formulae, and then from the twistor viewpoint, where, as in [12], the
holomorphic point of view demonstrates a naturality which is not apparent from the explicit
expressions.
In a more general result, which contributes to the examples, we show how the hyperholo-
morphic bundle descends naturally in a hyperka¨hler quotient, and for the quotient by a
linear action on flat space can be identified with a canonical hyperholomorphic line bundle.
2 The differential geometric viewpoint
2.1 The hyperholomorphic connection
LetM be a hyperka¨hler manifold with Ka¨hler forms ω1, ω2, ω3 relative to complex structures
I, J,K. If the de Rham cohomology class [ω1/2pi] ∈ H2(M,R) is in the image of the integral
cohomology then there exists a line bundle L and hermitian connection ∇ with curvature
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ω1, unique up to tensoring with a flat U(1) bundle. Since ω1 is of type (1, 1) with respect to
the complex structure I, L also has a holomorphic structure defined by the ∂¯-operator ∇0,1.
Given a local holomorphic section s of L, then ω1 = dd
c log ‖s‖2/2. Hence, if we multiply
the hermitian metric by e2f the curvature of the connection on L compatible with this new
structure is
F = ω1 + dd
cf.
Suppose now we have a circle action which fixes ω1 but acts on the other forms by the
transformation (ω2+iω3) 7→ eiθ(ω2+iω3). The manifoldM must necessarily be noncompact
for this. Suppose further that we have chosen a lift of the action to L. This implies in
particular the existence of a moment map – a function µ such that iXω1 = dµ where X is
the vector field generated by the action. Then the result of Haydys [10] (see also [12]) is:
Theorem 1 The 2-form ω1+dd
cµ is of type (1, 1) with respect to complex structures I, J,K.
Thus rescaling the natural metric by e2µ gives a new connection which defines a holomorphic
structure on L relative to all complex structures in the quaternionic family. This is a
hyperholomorphic connection, and L is the hyperholomorphic bundle of the title.
There are relatively few hyperka¨hler metrics which one can write down explicitly but it is
instructive to find the line bundle in these cases.
Example: Flat quaternionic space Hn. Writing Hn = Cn ⊕ jCn we have
ω1 =
i
2
∑
i
(dzi ∧ dz¯i + dwi ∧ dw¯i), ω2 + iω3 =
∑
i
dzi ∧ dwi
and the action (z, w) 7→ (z, eiθw) is of the required form. Then
F = ω1 + dd
cµ =
i
2
∑
i
(dzi ∧ dz¯i − dwi ∧ dw¯i).
In the complex structure I this is the trivial holomorphic line bundle with hermitian metric
h = (‖z‖2 − ‖w‖2)/2.
In the above we have specified a particular action of the circle on the three Ka¨hler forms
ω1, ω2, ω3. More generally, if an irreducible hyperka¨hler manifold M has a circle symmetry
group then it acts on the three-dimensional space of covariant constant 2-forms preserving
the inner product. The action is either trivial, in which case it is called triholomorphic, or it
leaves fixed a one-dimensional subspace with an orthogonal complement on which the action
is rotation by nθ. The case above is n = 1. This occurs for example on the cotangent bundle
of a complex manifold where the action is scalar multiplication in a fibre and the symplectic
form is the canonical one. In the general case, Zn ⊂ S1 preserves the three Ka¨hler forms
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and so the quotient M/Zn is a hyperka¨hler orbifold with a circle action as above. The local
geometry of the hyperholomorphic bundle is then the same, but the curvature form on M
is F = ω1 + ndd
cµ.
In what follows we shall also consider flat space as above but with the action (z, w) 7→
eiθ(z, w). Then n = 2 since (ω2 + iω3) 7→ e2iθ(ω2 + iω3). The moment map µ = −(‖z‖2 +
‖w‖2)/2 and so F = ω1 + 2ddcµ = 0 and the hyperholomorphic line bundle is trivial as a
line bundle with connection. This may seem uninteresting, but in Theorem 4 we shall see
how it defines the bundle for a hyperka¨hler quotient of Hn.
2.2 Hermitian symmetric spaces
Biquard and Gauduchon gave in [1] an explicit formula for a hyperka¨hler metric which, in
the complex structure I, is defined on the total space of the cotangent bundle of a hermitian
symmetric space G/H. A circle action is given by multiplication of a cotangent vector by
a unit complex number and the form ω2 + iω3 is the canonical symplectic form on the
cotangent bundle.
If p : T ∗(G/H) → G/H is the projection and ω is the Ka¨hler form of the symmetric space
G/H then the hyperka¨hler metric is defined by ω1 = p
∗ω + ddch where, for a cotangent
vector v, h is the quartic function on the fibres defined by h(v) = (f(IR(Iv, v))v, v). Here
R(u, v) is the curvature tensor of G/H and f is the analytic function
f(u) =
1
u
(√
1 + u− 1− log 1 +
√
1 + u
2
)
.
This function is applied to IR(Iv, v) which is a non-negative hermitian transformation. In
fact since the curvature of a symmetric space is constant we can also view the quadratic
map R(Iv, v) from (g/h)∗ to h ⊂ g as a multiple of the moment map for the isotropy action
of H. The strange function f(u) has the property that
(uf(u))′ =
1
2u
(
√
1 + u− 1) (1)
We first calculate the moment map µ for the circle action. Since the action is purely in the
fibres of the cotangent bundle we have
iXω1 = iX(p
∗ω + ddch) = iXdd
ch.
Now the action preserves both h and the complex structure so (diX + iXd)d
ch = LXdch =
dc(LXh) = 0, which means that iXω1 = −d(iXdch) and we can take µ = −iXdch = (IX)(h).
The vector field X was generated by v 7→ eiθv so IX is generated by v 7→ λ−1v for λ ∈ R+.
Hence
µ(v) =
∂
∂λ
h(λ−1v)|λ=1.
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But h(v) = (f(u)v, v) where u = IR(Iv, v) is homogeneous of degree 2 in v and so µ(v) =
−2(uf ′(u)v, v) − 2(f(u)v, v) = −2((uf(u))′v, v). Using (1) we see that
F = ω1 + dd
cµ = p∗ω + ddck
where k(v) = (g(IR(Iv, v))v, v) for the function
g(u) = −1
u
(
log
1 +
√
1 + u
2
)
.
This is an explicit formula for the curvature of the hyperholomorphic line bundle (assuming
ω is normalized so that [ω/2pi] is an integral class).
Note that on the zero-section v = 0, F restricts to ω and is S1-invariant. From [5],[6] we
can say that this is the unique hyperholomorphic extension to T ∗(G/H) of this line bundle
with connection on G/H. Later we shall view this in a more natural setting.
2.3 Multi-instanton metrics
The most concrete examples of hyperka¨hler metrics are the gravitational multi-instantons
of Gibbons and Hawking [7]. These are four-dimensional and in this dimension a hyper-
holomorphic connection is the same thing as an anti-self-dual one. The general Ansatz for
this family of metrics consists of taking a harmonic function V on an open set in R3, with
its flat metric. Writing locally ∗dV = dα the metric has the form
g = V (dx21 + dx
2
2 + dx
2
3) + V
−1(dθ + α)2.
Then ω1 = V dx2 ∧ dx3 + dx1 ∧ (dθ + α) is a Ka¨hler form and similarly for ω2, ω3.
An example is flat space C2 with a circle action (z1, z2) 7→ (eiθz1, e−iθz2). (Note that this
action is triholomorphic, and so is not of the type we have been considering). The quotient
space is R3 with Euclidean coordinates x1 = (|z1|2 − |z2|2)/2, x2 + ix3 = z1z2 and then
the metric has the above form if V = 1/2r. The flat space C2\{0} is here expressed as a
principal circle bundle over R3\{0} and dθ + α is the connection form for the horizontal
distribution defined by metric orthogonality. The curvature of the connection is dα = ∗dV
and the function V −1/2 is the length of the vector field Y generated by the action.
The general case has the same principal bundle structure but the flat example shows that
a 1/r singularity for V does not produce a singularity in the metric: it is simply a fixed
point of the circle action on the four-manifold. With this in mind, setting
V =
k+1∑
i=1
1
|x− ai|
for distinct points ai ∈ R3 defines a nonsingular, complete hyperka¨hler manifold M .
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If the points ai lie on the x1-axis then rotation about that axis induces an isometric circle
action generating a vector field X. This involves lifting the action on R3 to the S1-bundle
with connection form α, commuting with the circle action. Such a lifting is defined by a
vector field of the form X = XH + fY , where XH is the horizontal lift of
x2
∂
∂x3
− x3 ∂
∂x2
and, since ∗dV is the curvature of the connection, iX ∗dV = df . Since LXV = 0 the local
existence of such an f is assured. This means
df = (x2V2 + x3V3)dx1 − x2V1dx2 − x3V1dx3.
It follows that, with ai = (ai, 0, 0),
f =
k+1∑
i=1
x1 − ai
|x− ai| + c. (2)
The Ka¨hler form ω1 is given by ω1 = V dx2∧dx3+dx1∧ (dθ+α). This is the curvature of a
connection if its periods lie in 2piZ. Now the segment [ai, ai+1] defines a one-parameter fam-
ily of S1-orbits which become single points over the end-points and therefore form a 2-sphere
in M . The manifold retracts onto a neighbourhood of a chain [a1, a2], [a2, a3], . . . , [ak, ak+1]
of k such spheres which therefore generate H2(M,Z). Integrating ω1 over the ith sphere
gives 2pi(ai+1 − ai) and so for integrality we require ai+1 − ai to be an integer. With these
conditions we have, from Haydys’s theorem, a hyperholomorphic line bundle which, since
the two actions commute, is invariant under the triholomorphic circle action on M .
Kronheimer [13] showed that S1-invariant instantons on the multi-instanton space became
monopoles on R3 with Dirac singularities at the marked points ai. Since the hyperholomor-
phic bundle is invariant we can define it this way by a U(1) monopole: a harmonic function
φ on R3 and a connection A such that F = dA = ∗dφ. The Ansatz is
Aˆ = A− φV −1(dθ + α) (3)
where Aˆ is a local connection form on M . Thus
ω1 + dd
cµ = dA− d(φV −1) ∧ (dθ + α)− φV −1 ∗ dV
and taking the interior product with Y we obtain
iY (ω1 + dd
cµ) = −dx1 + iY ddcµ = d(φV −1).
Since Y is triholomorphic, it preserves I and since it commutes with X it preserves µ so as
in the previous section d(φV −1) = −dx1 − d(iY dcµ) and up to an additive constant,
φV −1 = −x1 − iY dcµ = −(x1 + iY (IiXω1)) = −(x1 − g(X,Y ))
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Now g(X,Y ) = V −1f . therefore
φ = −x1V + f = −
k+1∑
i=1
ai
|x− ai| + c.
Note however that A 7→ A+cα, φ 7→ φ+cV takes Aˆ to A+cα−(φ+cV )V −1(dθ+α) = Aˆ−cdθ
and so preserves the anti-self-dual curvature form dAˆ (this absorbs the constant ambiguity
too). We can therefore also take
φ =
k∑
i=1
ak+1 − ai
|x− ai|
+ c
and since the coefficients ak+1 − ai are integers, this is a genuine U(1)-monopole which
satisfies the Dirac quantization condition.
There remains the question of the constant c. This is not in general zero since k = 1 is flat
space and we have seen the non-zero curvature of the connection in the previous section.
Here we have by construction also a circle action which preserves all three Ka¨hler forms so
given one lifting of the rotation action onR3 toM we can compose with a homomorphism to
the triholomorphic circle to obtain another. The constant c will then change by 2pin, n ∈ Z.
Remark: When c = 0 the curvature F is a linear combination of L2 harmonic forms
[15],[9]. In this case if k = 2m and x lies on the x1-axis with am ≤ x1 ≤ am+1 then (2)
shows that f = 0. Note for future reference that this means that the middle 2-sphere in the
chain is point-wise fixed by the circle action.
The complex structure I for the metrics above is the minimal resolution of the Kleinian
singularity xy = zk+1. There are, thanks to Kronheimer [14], hyperka¨hler metrics on all such
resolutions. These are produced by a finite-dimensional hyperka¨hler quotient construction
and this is semi-explicit – the quotient metric of a subspace of flat space defined by a finite
number of quadratic equations – but the hyperholomorphic line bundle is well adapted to
the quotient construction.
2.4 Hyperka¨hler quotients
The hyperka¨hler quotient construction of [11] proceeds as follows. Given a hyperka¨hler
manifold with a triholomorphic action of a Lie group G we have, under appropriate condi-
tions, three moment maps ν1, ν2, ν3 corresponding to the three Ka¨hler forms ω1, ω2, ω3 and
hence a vector-valued moment map ν : M → g∗ ⊗ R3. Then, assuming G acts freely on
ν−1(0), the manifold M¯ = ν−1(0)/G with its quotient metric is hyperka¨hler.
In our situation we have a distinguished complex structure I preserved by a circle action.
The construction can then be viewed in a slightly different way. Firstly νc = ν2 + iν3 is
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holomorphic with respect to I and so the zero set M0 = ν
−1
c (0) is a complex submanifold
of M and hence ω1 restricts to it as a Ka¨hler form. The group G preserves M0 and ν3 is
the moment map for the restriction of ω1. Hence the hyperka¨hler quotient is the symplectic
quotient of M0 by this action.
Theorem 2 Suppose M has a circle action as in Section 2.1, commuting with G, so that
the hyperka¨hler quotient M¯ has an induced action. Then the hyperholomorphic line bundle
on M descends naturally to the hyperholomorphic line bundle of M¯ .
Proof: First recall that for a symplectic manifold (N,ω) with [ω/2pi] integral there is a
line bundle – the prequantum line bundle – with a unitary connection whose curvature is ω.
Given a lift of the action of a group G, the invariant sections on the zero set of the moment
map define the prequantum line bundle on the symplectic quotient.
To see this more concretely, let Y be the vertical vector field of the principal U(1)-bundle
P , Xa the vector field on N given by a ∈ g and µ : N → g∗ the moment map. Then a lift
commuting with the U(1)-action is defined by (Xa)H+〈µ, a〉Y where (Xa)H is the horizontal
lift. An arbitrary section of the line bundle is defined by a function f on P , equivariant
under the vertical action, and an invariant section satisfies ((Xa)H + 〈µ, a〉Y )f = 0. Thus
on µ−1(0) we have (Xa)Hf = 0 which means that the section is covariant constant along
the G-orbits. Hence the connection is pulled back from the symplectic quotient µ−1(0)/G.
This is the construction for a symplectic manifold. Now suppose we take our hyperka¨hler
manifold with circle action and commuting triholomorphic G-action with hyperka¨hler mo-
ment map ν. We want to apply the above to N =M0 = ν
−1
c (0) for the symplectic quotient
of M0 is the hyperka¨hler quotient of M . Now the circle action does not preserve ω2 + iω3
but it acts on dνc = d(ν2 + iν3) by multiplication by e
iθ. If we make a choice of moment
map so that the action on νc is the same scalar multiplication, then the action will preserve
M0 = ν
−1
c (0). Moreover, µ restricted to M0, is the moment map for ω1 restricted to M0.
The line bundle with hyperholomorphic connection on M , and hence its restriction to M0,
was obtained from the prequantum line bundle by rescaling the hermitian metric by e2µ. By
what we have just seen, this descends to M¯ , the symplectic quotient of N =M0. However,
G commutes with the circle action and so µ is G-invariant. It is also the moment map for
the induced action on the quotient, and it follows that rescaling the prequantum hermitian
metric on M¯ gives the hyperholomorphic bundle. ✷
One other aspect of the quotient is that it comes equipped with a canonical principal G-
bundle with a hyperholomorphic connection. Indeed ν−1(0)/G = M¯ and ν−1(0) is the total
space of the principal G-bundle. The induced metric defines an orthogonal subspace in the
tangent space to the orbit directions and this is the horizontal space of a connection, which
is hyperholomorphic. A differential-geometric proof of this was give in [8] but it can be
seen very naturally from the twistor space point of view which we carry out in the next
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section. In fact, with fewer formulae and more geometry, the hyperholomorphic bundle
appears much more naturally using holomorphic techniques.
3 The twistor viewpoint
3.1 The holomorphic bundle
This section is essentially a review of the construction in [12]. The twistor space Z of a
hyperka¨hler manifold M is the product Z = M × S2 given the complex structure (Iu, I)
where Iu = u1I + u2J + u2K for a unit vector u ∈ R3 and where the second factor is the
complex structure of S2 = P1. The projection pi : Z → P1 is holomorphic and for each
x ∈M , (x, S2) is a holomorphic section, a twistor line.
The fibre over u ∈ S2 is the hyperka¨hler manifold M with complex structure defined by u
but it also has a holomorphic symplectic form relative to this complex structure. Using an
affine coordinate ζ on P1 where u2 + iu3 = 2ζ/(1 + |ζ|2) the complex structures I,−I are
defined by ζ = 0,∞ and the holomorphic symplectic form is (ω2+iω3)+2iω1ζ+(ω2−iω3)ζ2.
Globally, this is a twisted relative 2-form ω: a holomorphic section of Λ2T ∗Z/P1(2) where
the (2) denotes the tensor product with the line bundle pi∗O(2), reflecting the quadratic
dependence on ζ.
Example: The twistor space for flat Hn is the total space of the vector bundle C2n(1)
over P1. This is given by holomorphic coordinates (v, ξ, ζ) ∈ C2n+1 on the open set U
defined by ζ 6=∞ and (v˜, ξ˜, ζ˜) for V by ζ 6= 0, with identification (v˜, ξ˜, ζ˜) = (v/ζ, ξ/ζ, 1/ζ)
over ζ ∈ C∗. In these coordinates Z is expressed as a C∞-product by the map (z, w, ζ) 7→
(z + ζw¯, w − ζz¯, ζ).
If a bundle on M has a hyperholomorphic connection its curvature is of type (1, 1) with
respect to all complex structures parametrized by ζ and it follows that its pull-back to
Z = M × S2 has a holomorphic structure. Conversely any holomorphic vector bundle on
Z which is trivial on the twistor lines (x, S2) defines a hyperholomorphic connection on a
vector bundle over M . This is the hyperka¨hler version of the Atiyah-Ward result for anti-
self-dual connections. For a line bundle the triviality on twistor lines is simply the vanishing
of the first Chern class. To get a unitary connection we impose a reality condition. It follows
that to describe a hyperholomorphic line bundle on M we simply look for a holomorphic
line bundle LZ on Z determined by the circle action.
Example: In flat space with the action (z, w) 7→ (z, eiθw) one can calculate the line
bundle directly. The (1, 0)-forms on Z for ζ 6=∞ are spanned by dzi + ζdw¯i, dwi − ζdz¯i, dζ
and then with
log hU =
1
2
∑
i
ziz¯i − wiw¯i + ζz¯iw¯i + ζ¯ziwi
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we find
∂¯Z log hU =
1
2
∑
ziwidζ¯ + zidz¯i −widw¯i + ζ¯d(ziwi)
and hence ∂¯Z∂Z log hU = (
∑
i−dzidz¯i + dwidw¯i)/2, the curvature of the hyperholomorphic
line bundle, on the open set U . Defining log hV = − log hU (−1/ζ¯) on V , the pair (hU , hV )
defines a hermitian metric on the line bundle with holomorphic transition function on U ∩V
exp(−
∑
i
viξi/2ζ).
The link between the differential geometric and holomorphic points of view is proved in
[12]. In fact the line bundle LZ is essentially the prequantum line bundle for the family of
holomorphic symplectic manifolds defined by Z.
To understand this, and to see where the circle action enters in the construction, first note
that since ω2 + iω3 transforms as (ω2 + iω3) 7→ eiθ(ω2 + iω3), differentiating with respect
to θ we have ω2 = LXω3 = diXω3 and so ω2 and similarly ω3 are exact. Thus the 2-form
(ω2 + iω3)/2iζ + ω1 + (ω2 − iω3)ζ/2i has the same cohomology class as ω1 for any ζ and is
therefore, given the integrality condition on [ω1/2pi], the curvature of a line bundle on M .
In the complex structure at ζ, (ω2+ iω3)/2iζ+ω1+(ω2− iω3)ζ/2i is of type (2, 0) therefore
has no (0, 2) part: hence the bundle has a holomorphic structure.
Now observe that the induced circle action on the twistor space generates a holomorphic
vector field V on Z. Since the action fixes ±I, V projects to the vector field iζd/dζ on
P1 vanishing at ζ = 0,∞. This is a holomorphic section s of O(2) and so the 2-form we
wrote above, (ω2 + iω3)/2iζ + ω1 + (ω2 − iω3)ζ/2i is, on a specific fibre, the restriction of
the meromorphic relative differential form ω/2is ∈ Ω2Z/P1 . It turns out that this relative
form is the restriction of a closed meromorphic 2-form FZ on Z, which is the curvature of
a meromorphic connection on the holomorphic line bundle.
Theorem 3 [12] The line bundle LZ on the twistor space Z admits a meromorphic con-
nection such that
• there are simple poles at ζ = 0,∞
• the curvature FZ restricts to
1
2iζ
(ω2 + iω3) + ω1 +
1
2i
(ω2 − iω3)ζ
on each fibre over C∗ ⊂ P1
• iV FZ = 0 where V is the vector field generated by the circle action.
Remark: Suppose the holomorphic vector field V integrates to a C∗-action. Then as FZ
is closed, the last property tells us that this action gives a symplectic isomorphism between
any of the holomorphic symplectic manifolds over ζ ∈ C∗.
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Given that such a connection exists, the line bundle is essentially uniquely determined by
the residue of the connection, for given any two such bundles L,L′ with the connections as
above and with the same residue at ζ = 0,∞, the resulting holomorphic connection on L′L∗
would have a curvature which is a holomorphic 2-form. But the normal bundle of a twistor
line is C2n(1) and so T ∗Z
∼= C2n(−1) ⊕ O(−2) on such a line. It follows that there are no
holomorphic forms of positive degree on a twistor space since there is a twistor line through
each point. Hence the connection on L′L∗ is flat and this is in any case the ambiguity in
choosing a prequantum connection.
The residue is canonically determined by the data of the action as follows (see [12] for
details). Since the connection has a singularity on a divisor of O(2), its residue will be a
section of T ∗Z(2) on that divisor. Now since TP1
∼= O(2) the projection pi : Z → P1 gives an
exact sequence of bundles:
0→ O → T ∗Z(2)→ T ∗Z/P1(2)→ 0
and the twisted relative form ω identifies TZ/P1 with T
∗
Z/P1(2). The resulting extension
0→ O → E → TZ/P1 → 0
can be identified with TP/C∗ where P is the holomorphic principal bundle of the prequan-
tum line bundle for the real symplectic form ω1. The vector field V on Z is tangential to the
fibres at ζ = 0,∞ and is X itself. The moment map defines an invariant lift to P and hence
a section of TP/C∗. Under the isomorphism above, this is the residue of the connection. If
we restrict it as a form to the fibre ζ = 0 it is iV (ω2 + iω3)/2i
Examples:
i) For flat space with the action (z, w) 7→ eiθ(z, w) the line bundle LZ is trivial and the
connection with the trivial action is just the meromorphic one-form
1
2ζ˜
∑
i
ξ˜idv˜i − v˜idξ˜i = ζ
2
∑
i
ξi
ζ
d
vi
ζ
− vi
ζ
d
ξi
ζ
=
1
2ζ
∑
i
ξidvi − vidξi.
With the action u 7→ einθu it is
2piin
dζ
ζ
+
1
2ζ
∑
i
ξidvi − vidξi (4)
ii) Flat space with the other action (z, w) 7→ (z, eiθw) requires local connection formsAU , AV
such that AV = AU + g
−1
UV dgUV . Define
AU =
1
2ζ
∑
vidξi AV = − 1
2ζ˜
∑
i
v˜idξ˜i
then on U ∩ V
AV −AU = −ζ
2
∑
i
ξi
ζ
d
vi
ζ
− 1
2ζ
∑
i
vidξi = −d
(
1
2ζ
∑
i
viξi
)
.
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3.2 Hyperka¨hler quotients
In the twistor formalism the hyperka¨hler quotient is a very natural operation: it is just the
fibrewise holomorphic symplectic quotient as long as the holomorphic vector fields generated
by G integrate to an action of the complexification Gc. Each a ∈ g gives a holomorphic
vector field Va tangential to the fibres of pi : Z → P1 and the three moment maps for
Va, a ∈ g give a complex section
ν = (ν2 + iν3) + 2iν1ζ + (ν2 − iν3)ζ2
of gc(2). The twistor space Z¯ of the hyperka¨hler quotient is then simply ν−1(0)/Gc where
the metric plays a role in determining the stable points for this quotient by a complex
group. With this viewpoint the descent of the hyperholomorphic bundle through a quotient
is, given Theorem 3, the descent of the prequantum line bundle in a symplectic quotient (it
is straightforward to check that the residue descends appropriately).
As we saw in the previous section, a hyperka¨hler quotient brings with it a canonical hyper-
holomorphic G-bundle. In fact, in the twistor interpretation, ν−1(0) is a principalGc-bundle
over the twistor space Z¯ = ν−1(0)/Gc and it satisfies the reality condition to define a hy-
perholomorphic principal G-bundle over M¯ . A homomorphism G → U(1) then defines a
hyperholomorphic line bundle and this raises the obvious question about whether, given a
circle action, this is the hyperholomorphic bundle of the title.
In fact for a manifold to be a smooth hyperka¨hler quotient of flat space such homomorphisms
must exist. The standard moment map for a linear action is quadratic and the origin lies
in ν−1(0), so for smoothness we must change this by a constant. Equivariance however
demands that the constant is an invariant in g∗: a homomorphism from g to R.
Consider flat spaceHn as a rightH-module, then U(n) ⊂ Sp(n) is the subgroup commuting
with left multiplication by eiθ: this is a distinguished complex structure I. Let G ⊂ U(n)
and c ∈ g∗ be a G-invariant element. If c is integral it corresponds to a homomorphism
χ : G → U(1). Let ν be the standard quadratic hyperka¨hler moment map for the linear
action, then taking the reduction at ν = (c, 0, 0), the cohomology class of the Ka¨hler form
ω1 lies in 2piH
2(M¯,Z). Indeed the integrality for c gives a lift of the G-action to the
prequantum line bundle on ν−1c (0) which descends.
Theorem 4 If the hyperka¨hler quotient M¯ of Hn by G with ν = (c, 0, 0) is smooth, then the
hyperholomorphic line bundle is ν−1(c, 0, 0) ×G C endowed with the canonical connection,
where G acts via χ : G→ U(1).
Proof: From the twistor point of view the line bundle LZ on the quotient is defined by the
property that local sections are the same as local Gc-invariant sections of the holomorphic
line bundle on ν−1(0). For flat space and the circle action above the latter, as we observed
in Section 2.1, is a trivial holomorphic bundle but has a non-trivial action defined by χ.
Thus on Z the line bundle is associated to the principal Gc-bundle ν−1(0) by χ. ✷
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Examples:
i) The simplest example is the cotangent bundle of a complex Grassmannian, one of the
Hermitian symmetric spaces of Section 2.2. In this case the flat space is M = V ⊕ jV
for V = Hom(Ck,Cn) and G = U(n) acting in the obvious way. There is just a one-
dimensional space of of invariant elements in g∗ and H2(M¯ ,Z) ∼= Z. Notice that −1 acting
on the vector space is represented by −1 ∈ U(n) and hence acts trivially on the quotient.
It is therefore e2iθ which acts effectively on the quotient. Since eiθ acts on ω2 + iω3 in flat
space by multiplication by e2iθ, on the quotient the induced action is the standard one: in
fact the fibre action on the cotangent bundle.
ii) Taking M = V ⊕ jV where V = EndCk ⊕Hom(Ck,Cn) and G = U(k) one obtains the
moduli space of U(n)-instantons on R4 of charge k or, with a non-zero moment map, the
moduli space of noncommutative instantons. For n = 1 this is the Hilbert scheme (C2)[k] of
k points on C2 and the hyperholomorphic line bundle with complex structure I is defined
by the exceptional divisor. The circle action is induced from scalar multiplication on C2 and
so the action on ω2+ iω3 is multiplication by e
2iθ, since on the open set of (C2)[k] consisting
of the configuration space of C2 the symplectic form is the sum k copies of dz ∧ dw.
iii) In [14] Kronheimer constructed asymptotically locally Euclidean hyperka¨hler metrics
on minimal resolutions of Kleinian singularities (C2/Γ for Γ ⊂ SU(2) a finite group) by
the quotient construction. The construction is as follows. Let R = L2(Γ) be the regular
representation, C2 the basic representation from Γ ⊂ SU(2) and putM = (C2⊗End(R))Γ.
Since End(R) has real structure A 7→ A∗ and SU(2) ∼= Sp(1) this is a quaternionic vector
space and the group G = U(R)Γ acts as quaternionic unitary transformations. The ALE
space appears as a hyperka¨hler quotient of M by the action of G. If R0, . . . , Rk are the
irreducible representations of Γ, of dimension di then
R =
⊕
i
Cdi ⊗Ri
and so U(R)Γ ∼= U(d0) × · · · × U(dk). From the McKay correspondence each Ri labels a
vertex of an extended Dynkin diagram of type A,D,E and then
M =
⊕
i→j
Hom(Cdi ,Cdj ) (5)
the sum taken over the edges of the diagram, once with each orientation. As shown in [14],
the invariant subspace of g∗ can be identified with the Cartan subalgebra of the Lie algebra
of type A,D,E as can the cohomology H2(M¯,R), with H2(M¯,Z) the root lattice. The case
of Ak is the multi-instanton metric of Section 2.3, where the chain of 2-spheres constructed
explicitly realizes the Dynkin diagram of type Ak.
Here the circle action on the symplectic form of the quotient will be the standard one if there
is an element in G which acts as −1. For this, from (5) we need to show that there exist
ci = ±1, 0 ≤ i ≤ k, such that if i, j are joined by an edge of the extended Dynkin diagram
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then cicj = −1. For A1 this is trivial. Consider the extended Dynkin diagram (for k > 1)
as a simplicial complex, then this is the same as asking that the Z2-cocycle associating −1
to each 1-simplex is a coboundary. The diagrams of type Dk, E6, E7, E8 are contractible
and so have zero first cohomology so this is true. For Ak the diagram is homeomorphic to
a circle and the cohomology class in H1 vanishes if there is an even number of edges, which
is when k is odd.
Now the D,E Dynkin diagrams have a trivalent vertex which, in the presence of our circle
action, corresponds to a rational curve of self-intersection −2 which is pointwise fixed, since
there cannot be just three fixed points. And, as pointed out in Section 2.3, when k is odd,
the central curve in the Ak case is fixed.
In these cases, with respect to the complex structure I, we have a rational curve of self-
intersection −2 and a neighbourhood of such a curve is biholomorphic to a neighbourhood
of the zero section of the cotangent bundle. Moreover the circle action is the standard
scalar multiplication in the fibre. Applying [5] this means that the Kronheimer metric
with circular symmetry is the unique hyperka¨hler extension of the induced metric on the
distinguished 2-sphere.
3.3 Coadjoint orbits
The Hermitian symmetric spaces which we considered in Section 2.2 are special cases of
coadjoint orbits of compact semi-simple Lie groups with their canonical Ka¨hler structure.
There is a very natural description of the twistor space of a hyperka¨hler metric on the cotan-
gent bundle of such a space due originally to Burns [3]. In fact, that paper only asserts the
existence of such a metric in a neighbourhood of the zero section, but it was written before
hyperka¨hler quotients, and in particular the infinite-dimensional gauge-theoretic versions,
were discovered. Much later, armed with a knowledge of existence theorems for Nahm’s
equations, Biquard [2] revisited this description being assured of global existence. The ac-
tion of scalar multiplication in the cotangent fibres by eiθ gives a circle action and we shall
now seek a concrete description of the line bundle LZ using Burns’s approach.
Let G be a semisimple compact Lie group with a bi-invariant metric and z ∈ g be an element
with centralizer H. Then in the complex group Gc there are parabolic subgroups P+, P−
with P+ ∩ P− = Hc. The real (co)adjoint orbit G/H ∼= Gc/P+ ∼= Gc/P−, and the complex
coadjoint orbit is Gc/Hc.
The Lie algebra p+ = h+ n+ where n+ is nilpotent, z ∈ h by definition and we define two
complex manifolds
Z0 = G
c ×P+ {C · z + n+} Z∞ = Gc ×P− {C · z + n−}.
Since P± fixes z modulo n±, the coefficient of z defines a projection pi0 : Z0 → C and
similarly for Z∞. The fibre over 0 is the cotangent bundle T
∗(Gc/P+) ∼= Gc×P+ n+ and for
ζ 6= 0, Gc ×P+ {ζz + n+} is an affine bundle over Gc/P+.
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There is another description, however, for (g, ζz + x+) 7→ (Ad g(ζz + x+), ζ) identifies the
fibre at ζ 6= 0 with the Gc-orbit of ζz. Note that the map z 7→ ζz defines an isomorphism
with the orbit of z which is not symplectic for the canonical Kostant-Kirillov form ωcan but
is for its rescaling ωcan/ζ.
The twistor space is obtained by identifying Z0, Z∞ over ζ ∈ C∗ by (x, ζ) 7→ (ζ−2x, ζ−1).
Then the two projections define pi : Z → P1 and ωcan defines the twisted relative symplectic
form.
We define line bundles L+, L− over Z0, Z∞ by pulling back the prequantum line bundle on
G/H = Gc/P± using the projections p0 : Z0 → Gc/P+, p∞ : Z∞ → Gc/P−. Then to define
a line bundle LZ on Z we need an isomorphism between L+ and L− over C
∗ ⊂ P1. But
the prequantum line bundle is homogeneous, defined by representations χ± : P± → C∗,
and these agree on Hc = P+ ∩ P−. This therefore gives an isomorphism p∗+L+ ∼= p∗−L− on
Z0 ∩ Z∞ ∼= Gc/Hc ×C∗.
To show that this truly is the twistor version of the hyperholomorphic bundle we may
simply note that it does generate a hyperholomorphic line bundle but by the invariance
of the construction it is homogeneous on the zero section G/H and hence agrees with a
hyperholomorphic bundle there. Invoking [5],[6] once more we see that they are isomorphic
everywhere.
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